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Nonlinear gauge transformations (NGT) dened in terms
of  (x) do not form a group. To get a group property one has
to consider transformations that act dierently on dierent
branches of Arg z and the knowledge of the value of  (x)
is not sucient for a well dened NGT. NGT that are well
dened in terms of  (x) form a semigroup parametrized by a
real number γ and a nonzero  which is either an integer or
−1    1. An extension of NGT to projectors and general
density matrices leads to NGT with complex γ. It follows that
Hermiticity of density matrices is a gauge dependent property.
PACS number(s): 03.65.-w
Adopting the view that all actual measurements of
quantum mechanical systems are eventually reducible to
those of particle positions at various moments of time
one has to accept a new gauge principle: All theories
that give the same probability densities in position space
for all times and all experimental arrangements are indis-
tinguishable. Once we agree on this viewpoint the rst
question we have to answer is what is the most general
class of transformations that leave probability densities
in position space invariant. Certainly this class is bigger
than just the unitary and anti-unitary ones. A class of
nonlinear transformations of wave functions that have
this property was extensively investigated by Doebner
and Goldin, and their collaborators from the Clausthal
school [1,3{9]. The Doebner-Goldin transformations are
sometimes referred to as gauge transformations of the
third kind.
Taking a linear Schro¨dinger equation and performing
a gauge transformation of the third kind one arrives at
an equivalent theory whose dynamical equation is in gen-
eral nonlinear. Linearity is therefore a gauge dependent
feature and, as such, cannot be physically essential. It
follows that there exist nonlinear theories which are phys-
ically indistinguishable from standard quantum mechan-
ics unless one nally invents an experiment which is not
reducible to a measurement of position.
Gauge transformations of the third kind are dened at
the level of wave functions and are characterized by two
real parameters:
 (x) 7!
N;γ [ ](x) = j (x)j exp

i arg (x) + iγ ln j (x)j

: (1)
Here arg denotes a phase of  (x). This phase possesses
a 2n ambiguity which is regarded as irrelevant [1]. If
 satises an ordinary linear Schro¨dinger equation the
transformed wave function is a solution of some nonlinear
Doebner-Goldin equation. Starting with a solution  of a
Doebner-Goldin equation one arrives at an equation be-
longing to the same class but with some parameters suit-
ably transformed. All such equations are 1-homogeneous
in  and therefore are invariant under multiplication of
 by constant factors. This shows that the phase ambi-
guity inherent in the denition of arg does not lead to
any ambiguity of the nonlinear modication of the corre-
sponding Schro¨dinger equation, provided the ’s are x-
and t-independent.
The objective of this note is twofold. First, it will
be shown that the phase ambiguity leads to a prob-
lem with group properties of nonlinear gauge transforma-
tions. This leads to two classes of transformations. One
is characterized by nonzero integer  and the other by
nonzero real ’s satisfying −1    1. In both cases one
obtains a semigroup structure. Second, we shall see that
there exists a natural extension of the Doebner-Goldin
transformations involving three real parameters, but in
order to nd it one has to start with projector (or, more
generally, density matrix) representation of states.
To see how the phase ambiguity aects the group prop-
erty consider N3=2;0 and a point x satisfying arg (x) =
=4 (now arg denotes both here and in (1) the unique
principal branch of the argument function Arg i.e. − <
arg z  ). One nds that
N3=2;0 N3=2;0[ ](x) = N9=4;0[ ](x) (2)
which agrees with the ane group property mentioned
in [1]. Now consider a point x0 satisfying arg (x0) =
3=4. The argument of the transformed function is
argN3=2;0[ ](x
0) = −7=8. Aplying again N3=2;0 to
N3=2;0[ ] at x
0 we nd argN3=2;0  N3=2;0[ ](x
0) =




0) 6= N9=4;0[ ](x
0): (3)
A closer look at the origin of this problem shows that the
ane property
N0;γ0 N;γ = N0;0γ+γ0 : (4)
does not hold for non-integer  (jj > 1) if one xes a
concrete branch of Arg in the denition (1). One can
obtain (4) while maintaining the principal branch of Arg
in (1) provided −1    1, but then one gets a semi-
group structure. Similarly, restricting ’s to integers one
obtains a semigroup satisfying (4).
To obtain a group property one has to modify (1) in
order to keep track of the branches of Arg. This can
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i arg (x;m) + 2mi+ iγ ln j (x;m)j

(5)




γ ln j (x;m)j
2

and E (r) denotes an integer part of r. The transfor-
mations form a group but the price one has to pay is
in the presence of the additional integer-valued function
n(; γ;m; x). If one does not want to introduce this
somewhat articial structure one has to choose either
−1    1 and use the principal branch of Arg, or
restrict ’s to nonzero integers. In what follows we shall
assume that one of these possibilities has been chosen.
In both cases the transformations form a semigroup.
Consider now the problem of the number of param-
eters characterizing a nonlinear gauge transformation.
The projective nature of quantum mechanical state space
makes it more natural to work with j ih j than with
j i. The overall phase ambiguity is then automatically
removed from the description and an extension from pure
states to mixtures is natural. Let us begin with the pure
state density matrix (projector) (x; y) =  (x) (y). The
nonlinear gauge transformation of the wave function in-
duces the following transformation of the corresponding
projector
N;γ(x; y)













The assumption of a privileged role of the positional mea-
surements leads to the requirement that the diagonal el-
ements of density matrices in position space should be
unchanged. This condtion is satised not only by (6)
but also by a larger class of transformations involving a
complex parameter γc. The transformed density matrices
N;γc(x; y) are non-Hermitian but
N;γc(x; x) = (x; x): (7)
Therefore assuming that linearity is a gauge dependent
property we have to accept the same status of Hermiticity
of density matrices. A gauge transformed density matrix
satises an equation that is nonlinear and dissipative but
physically may be indistinguishable from a linear and
nondissipative theory.
The fact that NGT establishes an equivalence between
classes of nonlinear Schr¨odinger equations and ordinary
linear quantum mechanics automatically refutes all ar-
guments for a fundamental impossibility of nonlinear ex-
tensions of the standard theory [1]. Indeed, the transfor-
mations with  = 1 and γ 6= 0 only add a nonlinear term
while maintaining the form of the kinetic and potential
terms in the Hamiltonian. Had all those impossibility
proofs been correct in their generality, the equations of
this type would have to generate unphysical eects. But
the point is that they do not generate any new eects,
provided one uses a consistently modied interpretation
of the gauge transformed theory.
NGT of density matrices can be used to refute another
argument of this variety. It is often stated that at the
fundamental level the density matrices have to satisfy a
linear equation since otherwise the convexity principle
would be violated. By this it is meant that having two
density matrices 1(x; y) and 2(x; y) their convex com-
bination p11(x; y) + p22(x; y) should also be a solution
of the same equation and this implies linearity of the
Liouville-von Neumann equation. However, even assum-
ing that this argument is correct, the assumption that
what we observe experimentally is determined only by
the diagonal elements (x; x) implies that we should im-
pose the convexity requirement only on the diagonal. An
example of a nonlinear dynamics that possesses this kind
of convexity is obtained by a NGT of a linear Liouville-
von Neumann equation. Taking 0(x; y) = N;γc(x; y)
we nd that
[p11 + p22]
0(x; y) 6= p1
0





0(x; x) = p11(x; x) + p22(x; x): (9)
To distinguish between the linear theory and nonlinear
theories that satisfy the \convexity principle on the di-
agonal" one has to invent a measurement that is not re-
ducible to a measurement of particle’s position.
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